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Conformal restriction: the radial case 

Hao WLf 



Abstract 



O 

psj We describe all random sets that satisfy the radial conformal restriction property, therefore providing the 

;h analogue in the radial case of results of Lawler, Schramm and Werner in the chordal case. 
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1 Introduction 



p The present paper is a write-up of the "radial" counterpart of some of the results derived in the "chordal" 

setting in the paper IILSW03II by Lawler, Schramm and Werner. The goal is to describe the laws of all 
random sets that satisfy a certain radial conformal restriction property. 

Let us describe without further ado this property, and the main result of the present paper: Consider the 
unit disc U and we fix a boundary point 1 and an interior point the origin. We will study closed random 
subsets KofV such that: 



I>t • ^ is connected, C\Kis connected, KndU = i\},0 e K . 

C^ 

> • For any closed subset A of U such that A = U n A, U \ A is simply connected, contains the origin and 

l/~j has 1 on the boundary, the law of ^a{K) conditioned on (ATlA = 0) is equal to to law of K where 

■^ <I>A is the conformal map from U \ A onto U that preserves 1 and the origin (see FigurefTl. 

o 

^^ The law of such a set K is called a radial restriction measure, by analogy with the chordal restriction mea- 

^H sures defined in IILSW03L 

J> The main result of the present paper is the following classification and description of all radial restriction 

'k> measures. 

^ Theorem 1. 1. (Characterization). A radial restriction measure is fully characterized by a pair of real 

numbers {(X,p) such that 

F[KnA = <l)] = \^'^{0)\''^'^{l)P 

where A is any closed subset ofV such that A = UPlA, \]\A is simply connected, contains the origin 
and has 1 on the boundary, and ^a is the conformal map from U \A onto U that preserves and 1. 
We denote the corresponding radial restriction measure by P(o;,j8). 

2. (Existence). The measure P(o;,j3) exists if and only if 



i8>^, a<^(i8) = l((y24j8TT-l)2-4 
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Fig. 1 : 4>^ is the conformal map from I[J\A onto U that preserves and 1 . Conditioned on (^flA = 
0), ^a{K) has the same law as K. 

We shall give an explicit construction of the measures P (a, j8) for all these admissible values of a and 
j3 . The function i§ (j8 ) is (as could be expected) the so-called disconnection exponent associated with the 
half-plane exponent j8 (see IILWOOl iLSWOTal ILS WO Ibl ILS W02II ). 

It is worth observing that |<I>^(0)| > 1 and that *I'^(1) < 1- In Theorem [T] we see that the value of j8 is 
necessarily positive (and that therefore <I>^(1)'^ < 1), but the value of a can be negative or positive (as long 
as a < i^(j8)), so that |<I>^(0)|" can be greater than one (but of course, the product |<I>^(0)|"<I>^(1)'^ cannot 
be greater than one which is guaranteed by the condition a < ^ (j8))- 

This theorem is the counterpart of the classification of chordal restriction measures in ILSWOBl that 
we shall recall in the next section. It is worth noticing already that while the class of chordal conformal 
restriction measures was parametrized by a single parameter j8 > 5/8, the class of radial restriction samples 
is somewhat larger as it involves the additional parameter a. This can be rather easily explained by the 
fact that the radial restriction property is in a sense weaker than the chordal one. It involves an invariance 
property of the probability distribution under the action of the semi-group of conformal transformations 
that preserve both an inner point and a boundary point of the disc. In the chordal case, the semi-group 
of transformations were those maps that preserve two given boundary points (which is a larger family). 
Another way to see this is that the chordal restriction samples in the upper half-plane are scale-invariant, 
while the radial ones aren't. However, and this will be apparent in the latter part of the proof of Theorem 
[T| chordal restriction samples of parameter j3 can be viewed as limits of radial ones with parameters (a,j3) 
(for all admissible a's), in the same way as chordal SLE can be viewed as the limit of radial SLE when the 
inner point converges to the boundary of the domain. 

These results have been discussed and mentioned before, at least partially, in e-mail exchanges, lectures 
and discussions by a number of mathematicians, including of course Lawler, Schramm and Werner, and also 
Dubedat or Gruzberg. In fact, reference 3 1 . in the paper IILSW03II written in 2003 by Lawler, Schramm and 
Werner is precisely a paper "in preparation" with the very same title as the present one. I wish to hereby 
thank Greg Lawler and Wendelin Werner for letting me write up the present paper and work out the details 
of the proofs. 
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We now briefly recall some background material that will be needed in our proofs, concerning chordal or 
radial SLE and their SLEk-(p) variants, Brownian loop-soups as well as chordal restriction measures. When 
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K is a. subset of C and x € C, we denote x + K as the set {x + z- z^ K} and xK as the set {xz : z^ K}. 

2.1 Chordal Loewner chains and SLE 

Suppose {Wt,t > 0) is a real- valued continuous function. For each z G H, define gt{z) as the solution to the 

chordal Loewner ODE: 

2 

dtgt (z) = . X „. , goiz) = z. 
gAz)-Wt 

Write t(z) = sup{f > : in^^jo,;] \gs{z) - Ws\ > 0} and K, = {z eM : t(z) < t}. Then gt is the unique 
conformal map from BI\ A'f onto H such that \gt{z) — z| — )• as z — )• °°. And {gt,t > 0) is called the chordal 
Loewner chain generated by the driving function {Wt,t > 0). In fact, we have {gt{z) — z)z — )■ 2f as z — 5- °°. 

SLE curves are introduced by Oded Schramm as candidates of scaling limits of discrete statistical 
physics models (see llSchOOl '). A chordal SLEk- is defined by the random family of chordal conformal 
maps gt when W = y/lcB where B is a standard one-dimensional Brownian motion. It is proved that there 
exists a.s. a continuous curve T] such that for each ? > 0, H \/rf is the unbounded connected component of 

E[\T]([0,?])(see|ES05l). 

Chordal SLEk-(p) processes are variants of SLE^- process. For simplicity, we will here only describe the 
SLEk-(p) processes with just one additional force point: It is the measure on the random family of conformal 
maps gt generated by chordal Loewner chain with Wt replaced by the solution to the system of SDEs: 

dWt = VKdBt + „/ ^ dt; 

Wt — Vt 

^^' = i7^^^ Vo=x/0, iWt-Vt)/{Wo-Vo)>0. 
Vt — Wt 

When K > 0,p > —2, there is a unique solution to the above SDEs. The force point is repelling when p 
is positive while it is attracting when p is negative. There exists a.s. a continuous curve T] in IHI from to oo 
associated to the SLEk-(p) process (see [MS 12.1 ). 

In the limit when x — ;■ 0+ (respectively 0—), the process has a limit that is scale-invariant in distribution. 
This enables to define the corresponding SLEx-(p) (referred to as SLE^(p) or SLE^(p) to indicate if the 
force-point is to the right or to the left of the driving point) from a boundary point of a simply connected 
domain to another by conformal invariance, just as for ordinary SLEk-. 

2.2 Chordal restriction samples 

We now recall briefly some facts from IILSW03II . Consider the upper half plane IHI and we fix two boundary 
points and oo. A chordal restriction sample is a closed random subset of IHI such that 

• K is connected, C\K is simply connected, icTlM = {0}, and K is unbounded. 



• For any closed subset A of IHI such that A = HnA, EI \ A is simply connected, A is bounded and 
A, the law of *Pa {K) conditioned on {KHA = Q) is equal to the law of K where *Pa is any given 
conformal map from IHI \ A onto IHI that preserves and oo. 

Note that this second property in the case where A = shows that the law of K is scale-invariant (ie. that K 
and XK have the same distribution for any fixed positive A). It is proved that the chordal restriction measures 
form a one-parameter family (Qj3 ), such that for all A as before. 
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where ^a is the conformal map from IHI \ A onto H that preserves and *Fa (z) /z — )■ 1 as z — )• oo (see 
JlLSWOBI ). In that paper, it is proved that the chordal conformal restriction measure Q^g exists if and only if 
P > 5/8. 

We would like to make the following remarks that will be relevant for the present paper: 

1. Chordal restriction samples can be defined in any simply connected domain // 7^ C by conformal 
invariance (using the fact that their law in IHI is scale-invariant). For instance, if H is such a simply 
connected domain and z,w are two different boundary points, the chordal restriction sample in H 
connecting z and w is the image of chordal restriction sample in H under any given conformal map (/> 
from H onto H that sends the double (0,oo) to {z,w). 

2. In the proof of the construction of these (two-sided) chordal restriction samples, an important role is 
played by the related "right-sided chordal restriction samples", that we shall also use at some point in 
the present paper. These aie a closed random subset KofM such that 

• ^ is connected, C\K is connected, i^PlM = (— oo,0]. 

• For any closed subset A of BI such that A = H n A, H \ A is simply connected, A is bounded and 
AnM C (0,00), the law of *Pa(^) conditioned on (/iTnA = 0) is equal to the law of K where 
*Fa is any conformal map from H \ A onto H that preserves and 00. 

It is clear that the right boundary of chordal restriction sample is a right-sided restriction sample. In 
fact, there exists a one-parameter family Qt such that 

where *Fa is the conformal map from H \ A onto IHI that preserves and ^'a{z)/z — )■ 1 as z — )• °°. Qt 
exists if and only if j3 > 0. We usually ignore the trivial case j8 = where K = IR_ . 

One example of right-sided restriction sample is given by SLEg /^(p): Let rj be such a process in HI 
from to 00. Let K be the closure of the union of domains between T] and R_. Then i^ is a right- 
sided restriction sample with exponent j3 = (p + 2)(3p + 10)/32. Conversely, let Kbe a. right-sided 
restriction sample with exponent j8 > 0, then the right boundary oi K is an SLE^,^{p) process with 

p = p(iS) = ^(724^+1-1) -2. (2.1) 

3. Wehavejust seen the the right boundary of a two-sided restriction sample is an ShE^,^{p) process. It 
is also possible to construct the conditional law of the left boundary given the right boundary: Denote 
L,. as the domain between M_ and the right boundary of K. Then, given this right boundary, the 
conditional law of the left boundary of K is an SLE^,^{p — 2) from to 00 in L^ (see ||Wer04| ). In 
fact, we shall construct our radial restriction samples using the radial analogue of this recipe. 

4. Let C{K) be the cut point set of K i.e. the set of points x in ^ such that K \ {x} is not connected. 
Note that C{K) is the intersection of the right and left boundaries of K. It turns out that the right and 
left boundaries of K can be coupled with a Gaussian Free Field as two flow lines, which enables to 
prove (see I.MW13. Theorem 1.5]) that the Hausdorff dimension of C{K) is almost surely equal to 
(25 - u^)/l2 where u = v^24j8 + l-l, when 5/8 < j8 < 35/24, whereas C{K) = ahnost surely 
when j8 > 35/24. 
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5. It is possible to describe the half -plane Brownian non- intersection exponents ^ in terms of restriction 
measures. For instance, consider two independent chordal restriction samples K\ and K2 with expo- 
nent j8i , j82 respectively. One can derive that, conditioned on {Ki n ^^2 = 0) (viewed as the limit of 
Kiri{x + K2) n B{0,R) = as X -;> 0,/? -> 00), the "inside" of K[ U K2 has the same law as a chordal 
restriction sample of exponent 1^ (j8i , jSi). 

6. It is possible to use restriction samples in order to describe the law of SLEk-(p) processes as SLE^- 
processes conditioned not to intersect a chordal restriction sample. For details, see liWer04[ Equation 
(9),(10)]. 

2.3 Brownian loop soup 

We now briefly recall some results from IILW04II . It is well known that Brownian motion in C is conformal 
invariant. Let us now define for all ? > 0, the law IJ.t{z,z) of the two-dimensional Brownian bridge of time- 
length t that starts and ends at t and define 

^'-p= / rdz.%{z,z) 

where dz is the Lebesgue measure in C that we view as a measure on unrooted loops modulo time- 
reparametrization (see IILW04II ). Then, }x'"°p inherits a striking conformal invariance property. More pre- 
cisely, if for any subset D cC, one defines the Brownian loop measure jJ-^"'^ in D as the restriction of jj,'""'' 
to the set of loops contained in D, then it is shown in IILW04II : 

• For two domains D' C D, IX^"'' restricted to the loops contained in D' is the same as jJi^"^ (this is a 
trivial consequence of the definition of these measures). 



• For two simply connected domains D\,D2, let <I> be a conformal map from D\ onto D2, then the 
image of At^ "'' under <I> has the same law as fX^"^ (this non-trivial fact is inherited from the conformal 
invariance of planar Brownian motion). 

From these two properties, if we denote /x^ as /^u "^ restricted to the loops surrounding the origin, then 
it is further noted in I.Wer08 1 that 

AtS(7{Z:t/)=log<I>'(0) (2.2) 

where U is any simply connected subset of U that contains the origin and <I> is the conformal map from U 
onto U that preserves the origin and <I>'(0) > 0. 

For c > 0, let {yj,j G 7) be a Poisson point process with intensity cpL^, then, from ( |2.2| ), we have that 

P[7; C ^,V7 G 7] = exp {-cii^{y (^U)) = ^'{Q^ 

where U is any simply connected subset of U that contains the origin and <I> is the conformal map from U 
onto U that preserves the origin and <I>'(0) > 0. 

2.4 Radial Loewner chains and SLE 

Suppose (yVt , ? > 0) is a real- valued continuous function. For each z G U, define gt (z) as the solution to the 
radial Loewner ODE: 

dt8t{z) = g,{z) ^^^ _ ^^^^y gQ{z)=z. 

Write t(z) = sup{? > : inf^g[o,f] \gs{z) - e'^'l > 0} and iT, = {z G U : t(z) < t}. Then gt is the unique 
conformal map from U\^/ onto U such that gt{0) = 0,^^(0) > 0. And {gt,t > 0) is called the radial 
Loewner chain generated by the driving function {Wt,t > 0). In fact, we have g',{0) = e'. 
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Before introducing the radial SLE, let us first define some special Loewner cliains that will be of use 
later on. We want to define a radial Loewner curves T] such that, for any t > 0, the future part of the 
curve T]([?,oo)) under gf is exactly T] up to a rotation of the disc. Precisely, fix G {0,2n), define the 
driving function W,^ = 6 —tcot |. Let {gt,t > 0) be the radial Loewner chain generated by W^. And define 
/;(•) = gf{-)/gf{l). Then there exists a continuous curve T]^ started from e'^ and ended at the origin such 
that gt is the conformal map from U \ 77^([0,?]) and gt{0) = 0,gj(0) = e' . From the radial Loewner ODE, 
we have that ^f(l) = e''W-e)^ and /,(T7^(f)) =e'^. Further, for any t,s > 0, f,{ri^{[t,t + s])) = ri^{[0,s]). 
We call Tj^ as perfect radial curve started from e'^ . Note that 

\flm=e\ //(l)=exp(-:^-^). (2.3) 



A radial SLEk; is defined by the random family of radial conformal maps gt when W = ^'kB where B is 
a standard one-dimensional Brownian motion. It is proved that there exists a.s. a continuous curve T] such 
that for each ? > 0, U \ /T^ is the connected component of U\t]([0,?]) containing the origin (this is due to 
the absolute continuity relation between radial and chordal SLEs and the corresponding results for chordal 
SLEs). 

Let us briefly focus on radial SLE8/3. Let T] be an SLE8/3 in U from 1 to the origin. It is known (see 
l|Law051 Section 6.5]) that 

P[TjnA = 0] =\^'^{0)\^/^^^'^{l)^/^ (2.4) 



where A is any closed subset of U such that A = U n A, U \ A is simply connected, contains the origin and has 
1 on the boundary; <I>a is the conformal map from U \ A onto U that preserves the origin and the boundary 
point I. This result follows from a standard martingale computation for radial SLE8/3. This will ensure that 
the measure that we will call P(5/48,5/8) does exist. 

We will also make use of a radial version of SLEk:(p) processes. For simplicity, let us just define the 
radial SLEk-(p) process with only one force point. It is the measure on the random family of conformal 
maps gt generated by radial Loewner chain with Wt replaced by the solution to the system of SDEs: 

n Wt-V, 
dWt = VKdBt + ^ cot( \ ' )dt; 

Wt-Vt ^^-'^ 

dV, = -cot{ )dt, Vo=xeiO,2n). 

When K" > 0,p > —2, there is a unique solution to the above SDEs. And there exists a.s. a continuous curve 
T] in U from 1 to associated to the radial SLEk:(p) process |MS13|. Note that, in the radial case, a right 
force point e"^ with x G (0,27r) can also be viewed as a left force point e'^'^^~^\ Thus, different from the 
chordal case, we do not use the terminology of "left" and "right" force point for the radial case. Let x — )• 0+ 
(resp. X — )• 271—), the process has a limit and we call this limit process as radial SLEk:(p) in U from 1 to 
with force point 1+ (resp. 1^). 

3 Characterization 

The present section will be devoted to the proof of the characterization part of our main theorem. 

Let £/'' be the set of all closed A C U such that A = AnU, l]\A is simply connected, contains the 
origin and has 1 on the boundary. For any A G £/'', define <J>a as the conformal map from U \ A onto U such 
that preserves 1 and the origin. We usually call log |<I>^(0)| as the capacity of A in U seen from the origin. 
Generally, for any domain U CC, a. closed subset A CU, and a point z G U \ A, the capacity of A in L'^ seen 
from z is log<I>'(z) where <I> is the conformal map from the connected component of L'^ \ A that contains z 
onto U and is normahzed at z : ^{z) = 0,<I>'(z) > 0. 
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Let n be the collection of closed subsets ^ of U such that K is connected, C \ ^ is connected and \ ^K, 
G /T. Endow Q. with the a-field generated by the family of events of the type {K ^Q. : /Tn A = 0} where 
A G s^^ (note that this a-field coincides with the a-field generated by Hausdorff metric on Q., this is similar 
to the chordal case). It is clear that this family of events is closed under finite intersection, so that, just as in 
the chordal case, we know that: 

Lemma 2. /fP and P' are two probability measures on Q. such that¥\K^^A = 0] = P'[A'nA = 0] for all 
A e sif, then P = P'. 

It will be useful to use our perfect radial curves. The following fact is the analogue of the fact derived 
through IILSW031 Equation (3.1)]: 

Lemma 3. Fix 6 G (0,27r) and let rj be the perfect radial curve started from e . Let K be a radial 
restriction sample, then there exists v(0) G (0,oo) such that, for all t > 0, 



^[Kr\^\[Q,t]) = %] =exp(-v(0: 



I? . 




fM{%t+s 




Fig. 2: Conditioned on{Kr\T]^{[0,t]) =%), ft{K) has the same law as K. 

Proof. (See Figure pll Recall that /, is the conformal map from U\ T7^([0,f]) onto U such that /r(0) = 
0, |//(0)| = e'Jt{r]^)) = e'^ and we also have that f{ri^{[t,t + s])) = Tj^QO,^]) for any t,s > 0. Then, for 
any t,s >0, by the property of radial restriction sample, we have that 

p[^nT]^([o,f+5]) = 0|^nT]^([o,f]) = 0] 

= F[Knfr{ri%[t,t + s]))=id]=F[Kn7i'{[0,s]) = id]. 
Thus, for any ?,5' > 0, we have 

F[Kr\ri\[0,t + s])=(d] =P[/:nTj^([O,f])=0] xF[Kr\ri\[0,s]) = (d]. 

This implies that 

F[Knri^{[0,t])] =exp(-v(0)O 

for some v(0) G [0,oo]. If v(0) = oo, then Kr\ri'^{[0,t]) / a.s., for all t > 0. However n,>oT]''([0,f]) = 
{e'^^jande'^ ^K. This rules out the possibility of v(0) =oo. If v(0) =0, theni^nT]^([0,oo]) =0a.s.. This 
is also impossible since eK and Tj ^ ends at the origin. D 
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We would like to note at this point that in the chordal case, the analogous quantity was obviously constant 
because of scale-invariance of the chordal restriction measures in the upper half-plane. In the present radial 
case, this is not going to be the case. In particular, care will be needed to show that i— ;■ v(0) is continuously 
differentiable. 

We are now ready to prove the first part of Theorem [T] that we now state as a Proposition: 
Proposition 4. For any radial restriction sample K, there exist a, j3 G M such that 

P[/^nA = 0] =|<I>;;j(0)|"<I>;i(l)'^ forall Aes^'. 

Note that Lemma [2] conversely shows that for any a and j8, there exists at most one law (for K) that 
satisfies this property. When it exists, we call it P(a,j3). An example is provided by radial SLEg/3 (see 



£2 



Equation p^] )) that corresponds to P(5/48,5/8). 

The main part of the proof of the proposition will be devoted to show that 1— )• v(0) is a continuously 
differentiable function. Once this will have been established, it will be possible to use "commutation relation 
ideas" inspired by the formal calculations in ILSW03II and by Dubedat's paper liDub07ll . 

In order to prove this proposition, it will in fact be a little easier to work in the upper half plane instead 
of the unit disc. Consider the conformal map <po(z) = i(l — z)/(l +z) which maps U onto IHI and sends 1 to 
0, to /. A radial restriction sample in IHI (with specified points and /) is just the image of radial restriction 
sample in U under the conformal map (po- For x G C, r > 0, We denote B{x, r) as the disc centered at x with 
radius r. 

FixA;GM\{0},letO<e< \x\. Then 

gxAz) '■=Z+- 

is a conformal map from EI \ B(x, e) onto EI. Define 

b^ + ic-a){gx,e{z)-a) 

where a = %{gx,e{i)),b = 3{gx,e{i)),c = gx,e(0). Then fx^e is the conformal map from EI\B(x,£) onto EI 
that preserves and /. 

Lemma 5. Let K be a radial restriction sample in EI. For any x € M \ {0}, the following limit exists 

lim^Pr^nB(x,£)/0l. 

We denote the limit as A(x), we have further that A(x) G (0,oo). 

Proof. Fixx G (0,oo) and let 6 G (0,7r) such thatx = sin 0/(1 +cos0). Let T]'^ be the perfect radial curve 
in H started from x and ended at / which is the image of the perfect radial curve in U started from e'^ and 
ended at the origin under the conformal map <po- 

For £ > 0, define N{e) = [£"2] . And (p\ = ■■■ = (pi^ = fx,e. Let <I>e = (pN{e) o---o(pi. Note that <I>e is 
a conformal map from // := (pf ' o • • • o q)^}.{M.) onto H that preserves / and 0. Define Ax{£) =M\H (see 
Figure [3]l. Then it is clear that, 

Ax{£)Dri'{[0,tx]), and A^(£) ^ t]^([0,?J) as £^0 

where tx = (l+cos 0)^ by direct computation of the capacity of Av(£) in H seen from /. And the convergence 
is under Hausdorff metric. 
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Fig. 3: Ax{£) converges to T]^([0,fj) in Hausdorff metric. 



Define Px{£) = IP [KnB{x, e) 7^ 0] . On the one hand, from conformal restriction property, we know that 

On the other hand, we know that 

F[KnA^{£) = (l)]^F[Knri-'{[0,t^])=Q>]=exp{-v{d)tjc) as £^0. 
Compare these two relations, we have that 

limA^(£)log(l -;?;,(£)) = -v(0)(l+cos0)^ 

This completes the proof. And we further know that 

sin0 



A( 



1+COS0' 



v(0)(l+cos0)^ 



(3.1) 

D 



Lemma 6. The function A defined in Lemmaplis continuous for x G (—00,0) U (O,' 



Proof. Suppose < x^ < x/j < 00. It is enough to prove the continuity of X in the compact interval / := 

We first analyze the convergence in Lemma [5] and use the same notations as in the proof of Lemma |5] 
Since Ax{£) D T]-^([0,fx]), we have that 

¥[Kr\A,{£) = %] <¥[Kr\^\[o,t,]) = ^] 

which implies that (1 — px{£))^^^' < e^^^^\ We will show that there exists a universal upper bound for 

e-Mx) _ {I - p^{£))N{>^) _ Note that 

= p[^nr7^([o,fJ) = 0,/:nA,(£)/0] 

= P[^n77^([o,fj) = 0] xP[irnA,(£)/0|/:nT]^X[o,fJ) = 0] 

= P[^n77"([o,fj) = 0] xP[^nF,(A,(£))/0] 
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where F^ is the conformal map from ]HI\ T]-'''([0,fv]) onto H that fixes and /. Note that, the set Fx{Ax{e)) is 
continuous in x and e (in Hausdorff metric). There exist interval / and universal constant c > such that 
Fx{Ax{e)) C J'^^ for any x &I := [xi/2,2x^], where J depends only on /, and c > depends on /, and J^ 
denotes the 5 neighborhood of J. Then we can see further that there exists r(e) > 0, depending on / and £ 
with the property that r(£) — )• as £ — )• 0, such that 

^[Kr\F^{A^{£)) / 0] < r(e) for any ;c G /. 

So that we have the uniform bound for x E /, 

or equivalently 

A(x) < -N{£)\og{l-p,{£)) < -log(^-^W -r(£)). (3.2) 

For any X e /, let p e (0, 1), andy G {x — p£,x + p£), it is clear that 

B{y, (1 - p)e) C B{x,£) C B{y, (1 +p)£). 
This implies that 

Py{{l-P)£) < pM < P,((l +P)£), 

or equivalently, 

-A^(£)log(-p,((l-p)£)) <-A^(£)log(l -;;,(£)) <-A^(£)log(l-;;j,((l+p)£)). 
By ( [XI] ), we have that 

Furthermore, 



A^((l-p)£ 



■sup{A(3;) :\x-y\ < pe} < -N{£)log{l - p,,{e)) 



^m^r'iM'''''''-'-^'^)-^'-y^i'''^- 



Let £ — ^ 0, we have that, for any p € (0, 1), 

(l-p)^limsup{A(y): \x-y\ <pe}<X{x), (3.3) 



and 



X(x) < (1 +p)2liminfinf{-log (e^^W -r(£) ) : \x-y\ < ps}. (3.4) 



Consider ( |3.3| ), since it is true for any p G (0, 1), it particularly implies that 



A(x) > limsupA(j). (3.5) 

If A is not continuous at x, by p.5| ), we know that there exist 5 > and a sequence yk ^x such that 

A(w)<A(x)-5. 



However, this contradicts with (3.4 1. 



D 
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Fix ;t:,3;eM\{0}, Define 

F{x,y) = lim l(/.,s(y) -y), G{x,y) = hm^ifUy) " K 



By direct computation, we have that 



l +x^+y^+xy 1 , x + 2y 

x{l+x^) y-x' ^"^'^^ x(l+x2) (y-xY 



p{^^y) = — .VI , .■9^ — ^7. — I' <^(-^iy) = ../, , ..7A -— — ^- (3-6) 



We use the notation / < g to imply f /g is bounded by universal constant, / > ^ to imply g ^ f, and f "^ g 
to imply / < ^ and / > g. 

Lemma 7. The function X defined in Lemma p\ is dijferentiable in x € (— oo,0) U (0,oo) and satisfies the 
following commutation relation: for any x,y G M \ {0}, 

X'{y)F{x,y) + 2X{y)G{x,y) = X'{x)F{y,x) + 2X{x)G{y,x). (3.7) 



Proof. Let 7 C (— oo, 0) U (0, oo) be a compact interval. By the continuity of A and ( |3.2| ), we have that 



P;,(e):=P[/:nB(;c,£)/0] x£2 (3.8) 

where the constant in x depends only on 7. 

We will first show that X is Lipschitz continuous on 7. For x,y G 7. Recall that 

So that 

^-AW_g-A(v) 

= p[7:nT]-^"([o,fJ) = 0] -P[7:nT]>X[o,f,,]) = 0] 
< p[7:nT]-'^([o,fJ) = 0,i^nT7-^([o,f,])/0] 

= ¥[Kr\r]\[OM)=^] xP[7:nF,(T]^'([0,fy])) /0] 
= e-^Wp[7:nF,-(r7>'([O,f3,]))/0] 

where, recall that, F^ is the conformal map from H \ T]'^([0,f;t]) onto EI that fixes and /. So that 

l-exp(AW-A(y)) <P[7:n7:,(T]>'([0,f,])) ^0]. (3.9) 

As we explained in the proof of Lemma [6j there exist a compact interval 7 depending on 7 and c > 
depending on 7, such that Fx{'r]^'{\f),ty\)) C 7"^ as long as \y —x\ < e. Consider 7^^^, there exists a number A/^ 



depending on 7 such that J^^ can be covered by N/e balls of radius 2ce. Together with (3.8 1, we have that 



'[KnFx{7^y{[0,ty]))^(l)]<F[Knr'' ^(l)]<£ when |x-3;|<£ (3.10) 



where the constant in < depends only on 7. Combine this relation and ( |3.9[ ), we have that 

\X{x)-X{y)\<\x-y\ 
where the constant in < depends only on 7. 
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Since X is locally Lipschitz continuous in R\{0}, it is differentiable almost everywhere, i.e. it is 
differentiable except on a Lebesgue measure zero set. And there exists an integrable function ft) such that, 
A' (a) = ft) (a) at the point x at which A is differentiable, and, for any a > y > (or j < a < 0), 



A(x) — A(y)= / (o{u)du. 

Jy 

Consider two points x,y at which A is differentiable. Let £ > 0, 5 > 0. 

F[KnB{x,s)=(l),KnB{y,5)=fd] 

= F[KnB{x,e)=fd] xP[/:nA,e(B(j,5)) = 0] 



So that, 



'[KnB(x,e)=<d,KnB{y,5)=<l)]-l+p,{e)+py{5) 
= pyi5)-F[Knf,^e{B{y,5))^(I)]+p,{e)F[Knf,4B{y,5))^ld]. 



Divide by s 5 and take the limit, we have that 
lim -— 



lim -^ {¥[KnB{x,e) = (l),KnB{y,5) = 0] - 1 + p,{e) + Pyid)) 



= l^^-^{py{5)-F[Knf,AB{y,5))^(I>]il-p,{e))) 

= iiml(A(j)-A(/«(3^))|/:,(3^)|2(l-p.(£))) 
= -X'{y)F{x,y)-2X{y)G{x,y). 
By the symmetry, we get (|3.7[) for the points x,y at which A is differentiable. 



Fix y in ( |3.7| ), we have 

X'{x) = {X'{y)F{x,y)+2X{y)G{x,y)-2X{x)Giy,x))/F{y,x). 

The right side is continuous in x G M \ {O,)'}. Thus we can extend ft) to M \ {0,y} by the right side. Then 
it is clear that ftj is a continuous function in M \ {0} and in particular, this implies that A is differentiable 
everywhere in M \ {0} and the derivative satisfies ( |3.7[ ) for any points x,y G M \ {0}. 

D 

Lemma 8. There exist two constants cq,C2 > such that 



Proof. From ^1) and ([3]6]), we know that A is smooth in (-oo, 0) U (0, +oo). In ^1) , fix x G M \ {0}, and 



let J — )• X. Compare the coefficients of the two sides of the equation, we have that 

x^{\ +x2)2A'"(x) + 6x(l +x2)(l +3x2)A"(x) 

+ 6(1 + 12x2 + if,x'^-)X' {x) + 24x(2 + 5x2)A (x) = 0. (3.11) 

Set P{x) = x^{l +x^YX (x), then p.ll[ ) is equivalent to 

P{x)"' = 0. 
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Together with the symmetry in A, we know that, there exist constants co,ci,C2 such that 

Co+CiX + C2X^ Cq-C\X + C2X^ 

^^'^= X^{l+X^Y ^°"^"' ^("^= .2(1 +,2)2 fo"<0- 



Take x > > 3^, by ( [377] ), we have that ci = 0. Since A (x) > for all x G M \ {0}, we know that cq > 0,C2 > 
0. D 

Proof of Proposition^ Consider a radial restriction sample K in U. Fix Q G (0,7r), let v{d) be defined 
through Lemma [3] And let X be defined through Lemma |5] From Lemma [s] and ( |3.1| ), we have that 

v(0) = -a+ ^ 



1 — cos d 



where a = (cq — C2)/4,j8 = co/2. Recall (23 1, we have that 

p[i^nr,^([o,?]) = 0] = l/;(o)r/;(i/. 

Then the conclusion can be derived by similar explanation in the proof of IILSW03[ Proposition 3.3]. D 

4 Admissible range of (a,jS) 

4.1 Description of P(a,iS)'s when j3 > 5/8 

In order to complete the proof of our main theorem, it now remains to show for which values of a and j3 the 
previous measure exists. Note now that from the properties of Poisson point process of Brownian loops, we 
can deduce the following fact: 

Lemma 9. If the radial restriction measure P(ao,j8o) exists for some do, A) € "^ then for any a < OCo, 
P(o;, j8o) exists, and furthermore, almost surely for P(a, j8o), the origin is not on the boundary ofK. 

Proof. Let Kq be a closed set sampled according to P(a(), j8o), and let {jjj G /) be an independent Poisson 
Point Process with intensity (ao — o;)/i° . We view each loop jj as the loop with the domain that it surrounds. 
Then let K be the closure of the union of Kq and all loops in (7^ ,j £ J). We have that, for any A G £/'', 

F[KnA = (l)] 

= P[i^onA = 0] xP[7,-nA = 0,VjG7] 

It is clear that K has the law of P(a, j8o) and the ^ dK. D 

Hence, we have the following result: 

Corollary 10. Suppose that a radial restriction measure P(o;o, A)) exists for some o;o,j3o G M, and that for 
this measure, G dK almost surely. Then, P(a, j8o) does exist if and only if (X < OCq. 

Proof. Suppose that P(a, A)) exists for some a > Oo, then the previous lemma implies that P(ao> j8o) almost 
surely, ^ dK, which is a contradiction. On the other hand, the same lemma shows that P(a, j8o) exists for 
all a < tto- n 
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In pi) , we already know the existence of P((^(jS),j3) for j3 = 5/8. We will construct P((^(j8),j8) for 
j8 > 5/8 in Proposition 12 Fix p > 0. Let (g,,f > 0) be the radial Loewner chain SLEg/3(p) generated 
by the driving function {Wt,t > 0), and T] be the corresponding radial curve. Recall that W is the solution 



to the system of SDEs ( |2.5| ). To simplify notation, we denote 6t = {Wt — Vt)/2. For any A € £/'', let Ta be 
the first time that Tj hits A. For any t < Ta, let ht be the conformal map from I[J\^,(A) onto U such that 

ht{0) = 0,h,{e'^') = e^'. Then 



Lemma 11. 



Ip 



Mt ■=exp(a{l'ds\h',{e'^^)\'^-t)\ x \h[{e'^')\l x \h[{e'^')\^ x Z, 
is a local martingale where 

sm dt 2 

« = — + 77P(P+4), 7=— p(3p+4), ^= +7+ p= (p + 2)(3p + 10). 



(4.1) 



48 64 
Note that a = (§(j3). 



32' 



32' 



Proof. Define (^t{z) = —iloght{e'^) where log denotes the branch of the logarithm such that —i\oght{e'^'] 
Wt. Then 

\h[{e'^')\=(^;{W,), |/z;(.'^')l= 0/(^0, ^r = {<P,m-<PtW)/2. 

To simplify the notations, we setZi = (/)/(Wi),X2 = 0/'(W,),yi = 0/(V,). By Ito formula, we have that 
d(j), {W, ) = ^/S/3XldBt + ( - -^2 + yXi cot dAdt, 



d(^,{Vt) 



-Xfcoti&,dt, 



d^;{Wt) = y/^X2dB, + ( |X2COt0, + ^ + 



At X\ Ai 



(i?, 



So that 



ddt = 
d^,= 

dMt 



1 



;XtYi 



1 



1 



1 



sin tJ, 2 sin Gt 



dt, 



8/3 p+2 

dB, + ^--—cotdtdt, 



2 
/873 



XiJB,+ 



7^2 + -Xf cot tJ, + "^Xi cot 0f ) Jf . 



P 

4^ 



^^Mf ( lO-^+3p(Xicoti?,-cot0,) ]dB,. 

16 \ Ai 



D 



Proposition 12. For p > 5/8, fe? p = 5(a/24j3 + 1 - 1) -2 > 0. Let rj'^ be a radial SLEg/j{p) in V from 
1 to with force point \ . Given r\^, let r\^ be an independent chordal SLE^,^{p — 2) in U\ 1^^{[0,°°]) 
from I to 0. Define K as the closure of the union of the domains between 7]^ and r\^. Then the law ofK is 
P(^ (j8), j8) (that therefore exists) and under this probability measure, G dK almost surely. 



Hence, this proves that for j8 > 5/8, P(a, j8) exists if and only if a < (§ (j8). 
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Fig. 4: t]^ is a radial SLEg/3(p) in U from 1 to 0. Conditioned on t]^, rj^ is a chordal SLEg ,3(p - 
2) in I[J\ T]'^([0,oo]) from 1 to 0. ^ is the closure of the union of domains between the two 



curves. 



Proof. (See Figure ffl Let {gt,t > 0) be the radial Loewner chain for Tj'^. For any A G £/, let Ta be the 
first time that rj'^ hits A. For any t < Ta, define hf as the conformal map from U \g,(A) onto U such that 
ht (0) = 0, ht {e'^' ) = e'^' . Define the local martingale M as in ( |4.1| ). When p > 0, M, is positive and bounded 
by 1 . Thus it is a real martingale. Note that 

Mo = |«J>;,(0)|^(/^)<I>;(l)/^. 



If Ta < °°, then there exists a sequence ?„ 
If Za = °°, then there exists a sequence f„ 



Km 

Thus, almost surely, 



1, 



IKy""'"] 



1, 



Ta, such that lim„M;^ = 0. 

oo, such that (see liWer04[ Section 5.2]) 



limM, 



As a result 



[KnA = (d] =E(M,J=Mo. 



D 



4.2 Why can j3 not be smaller than 5/8? 

It remains to show that if P(a,j3) exists, then j3 > 5/8. In the following we assume that P(a,j8) exists. We 
are going to show how to use this radial measure to construct a chordal restriction measure of exponent j8, 
which will then imply that j3 cannot be smaller than 5/8. 

Let X be the collection of compact subsets A" of U such that K is connected and C \ A' is connected. Let 
£/ be the collection of compact subset A of U such that A = UnA, lLJ\Ais simply connected. Endow X 
with the a-field generated by the events "^(A) := {K £ X : KnA = 0) for A G a/. This a-field coincides 
with the a-field generated by Hausdorff metric on X. In particular, X is compact since U is compact. 
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Let ^ be a radial restriction sample of law P(a, j8). For any £ > 0, define the probability measure jXe on 
Xby 

^,{^{A))=F[MK)nA = id] 

where A ^ £/ such that +1 0A, — 1 ^ A and /e is the conformal map from U onto itself such that /g (— 1 + 
s) = -\+e,Ml) = L 

Since X is compact, the sequence (/ig , £ > 0) is tight, thus there exists a subsequence (/Xg^ , /: € N) such 
that £i — >^ and He^ converges weakly to some probability measure jj. onX. There two observations: 

• For any A £ .s/ such that +1 A, — 1 A, 

Atg(^(A)) = |<I>'g(0)|«<I>'g(l/^n(l)'^ as £^0 (4.2) 

where Og is the conformal map from U \ A onto U that preserves — 1 + £ and + 1 , *Fa is the conformal 
map from l]\A onto U that preserves ±1 and *F^(— 1) = 1. 

• For any A S £/ such that +1 0A, — 1 0A and 5 > 0, define Af as the open 5 -neighborhood of A and 
Af = U\ (U\A)f . Note that Af is open, Af is closed, <r(Af ) is closed and "^{Af) is open. Thus 

M(^(Af)\^(Af))<limAtg,mAf)\<^(Af)). 

k 



From ( |4.2| ), we know that there exists g{5) goes to zero as 5 goes to zero and is independent of £ 
such that 

Ms,mAf)\^(Af)) = Me,mAf))-M..mAf))<5(5). 

Thus we have that 

AtmAf)\<^(Af))<g(5). (4.3) 



From ( [4.2| ) and ( |4.3| ), we have that 

AtC^(A))=»F;(l)'^ 

for any AGs/ such that it 1 ^ A and *Pa is the conformal map from U \ A onto U that preserves ± 1 and 
*P^(— 1) = 1. Thus n is the chordal restriction measure of exponent j3, thus j3 > 5/8. 
This concludes the proof of our main theorem. 

4.3 Concluding remarks 

We would just like to note that all the enumerated results on chordal restriction samples that we have briefly 



recalled in Section 2.2 do have a radial restriction counterpart: The dimension of cut-points is the same (and 
given by j3 only), the boundaries of radial restriction sample P((§ (j8),j8) are radial SLE8/3(p) processes, the 
full-plane Brownian intersection exponents describe the law of radial restriction samples conditioned not to 
intersect etc. We leave the precise statements and detailed proofs to the interested reader. 
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